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Eulerian Model for Mean Turbulent Diffusion
of Particles in Free Shear Layers

Eric Loth
University of Illinois at Urbana–Champaign, Urbana, Illinois 61801

A simple Eulerian model is developed to determine the qualitativemean transverse diffusion in a free shear � ow
of a particle with a drag coef� cient inversely proportional to the particle Reynolds number. The model is based
on integrating the particle equation of motion within a single time-varying eddy to yield a closed-form analytic
expression for the turbulent diffusion.The description is based on an average local length scale and an average local
timescale of the turbulence similar to previous Lagrangian stochastic diffusion models. The resulting expression
indicates three important nondimensional parameters: a local Stokes number (ratio of particle response time to
eddy lifetime), an eddy Froude number (ratio of rotational acceleration to gravitational acceleration), and a drift
parameter (ratio of particle terminal velocity to turbulent rms � uctuations), where the third parameter is simply a
function of the � rst two. The model yields a particle diffusion greater than that of a scalar for a local Stokes number
of order unity, the value of which depends on the eddy Froude number. Comparison with available experimental
data shows qualitative agreement despite the simplicity and nonempiricism of the model.

Nomenclature
b = local spatial spread rate
CD = drag coef� cient
c1 = velocity scale constant of the continuous phase
c2 = length scale constant of the continuousphase
D = diffusion ratio
D = drag force on particle
d = diameter or equivalent volumetric diameter
Fr = eddy Froude number, u2 4g
G = gravitational force on particle
g = acceleration due to gravity
k1 = drag coef� cient constant
m p = particle mass
Rep = particle Reynolds number based on V f Vp

S = local Stokes number, p e

u = streamwise velocity
V = velocity vector
Vrel = relative velocity of the particle to the continuous � uid
Vterm = terminal velocity of the particle

= transverse velocity
x = streamwise position
y = transverse position

= ratio of interaction timescale to eddy lifetime
= drift parameter, Vterm c1 u

u = velocity differencebetween the high-speed stream and
the low-speed stream

= shear layer thickness
= 1 or 1 depending on whether initial � uctuation

velocity is positive or negative
= component of gravity in a given direction
= eddy integral scale
= viscosity
= density

e = eddy lifetime
i = eddy interaction timescale
p = particle response time
transit = particle traverse time

Subscripts

f = continuous � uid
m = mean convection
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p = particle
x = streamwise direction
y = transversedirection
1 = high-speed stream value
2 = low-speed stream value

Introduction

T URBULENT dispersion of particles and droplets in free shear
� ows is important in many two-phase� ow areas,such as sprays

and particle combustion.Two important aspects that need to be un-
derstood to model such � ows are characterization of the detailed
spatiotemporalstructuresof particle concentrationdue to the under-
lyingturbulenceof the continuousphase1 and the characterizationof
the mean diffusionrates of the dispersedphase, which is the subject
of the presentwork. The mean diffusionhas been found experimen-
tally to vary considerably as a function of the Stokes number (ratio
of particle response time to eddy timescale) in both jets and planar
shear layers. In particular, very small particlesdiffuse at a rate sim-
ilar to that of a scalar � eld and very large particles diffuse at much
slower rates than that of a scalar � eld inasmuch as their inertia is too
great to be signi� cantly affected by the turbulent dispersion; how-
ever, particles with Stokes numbers of order unity can have mean
diffusionrates in excessof that for a scalar.2 Therefore, the diffusion
ratio D, de� ned as the ratio of particle diffusion to scalar diffusion,
is generally found to approach unity for Stokes numbers much less
than unity, to exceed unity for Stokes numbers of order unity, and
to approach zero for Stokes numbers much greater than unity. This
nonmonotonicbehavioris a result of intermediateparticles(of order
unity Stokes number) being dispersed outward by a velocity pertu-
bation but then not respondingquick enough to return with the � uid
with a subsequent opposing velocity perturbation.

The nonmonotonic variation of particle diffusion rates with re-
spect to Stokes number has also been observed numerically in
several Lagrangian studies of particle transport that incorporate
unsteady eddy-resolved dynamics of the continuous phase. Such
studies range from two-dimensional discrete-vortex simulations2

to three-dimensional direct numerical simulations3 with an aim to
resolve the unsteady turbulent structures directly such that no em-
pirical model to correlate particle dispersion with mean turbulence
intensity is neccesary. However, such eddy-resolvednumerical ap-
proaches are impractical with respect to computational resources
for the majority of complex-geometry engineering calculations of
turbulent � ows. In such cases, Reynolds averaged Navier–Stokes
(RANS) computationssolvedin an Eulerianframeare typicallyused
for the continuous phase, where the time-averaged velocities and
turbulenceintensitiesof the continuousphase are obtainedby using
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empirical closure arguments for the turbulence correlations.These
RANS computations are conventionally divided into Lagrangian
and Eulerian treatments of the dispersed phase.

The Lagrangian models conventionally include stochastic eddy
interaction models with a statistically large number of particles to
predict turbulentdiffusion.For example,theLagrangianapproaches
classi� ed as discontinuous random walk (DRW) models employ a
stochastic velocity perturbation that is held constant throughout an
eddy interaction cycle where the interaction time is limited to the
minimum of the traverse time and the eddy timescale. These sim-
ple models have shown success in predictingdispersion in turbulent
wakes and jets,4 although more advanced stochastic Lagrangian
models allow for time-varyingvelocityperturbationsand can elimi-
nate spuriousdrift velocities5 to further improve the modeling of the
particle turbulent diffusion. However, achieving statistical conver-
gence with a Lagrangian approach typically requires more compu-
tational resources than are used for an Eulerian treatment of the dis-
persed phase. In addition, an Eulerian approach allows both phases
to be handled with a consistent numerical scheme and a consistent
numerical grid. The discretization coincidence for Eulerian treat-
ment of the particles becomes a distinct accuracy advantage when
one is trying to compute theeffectsof the particleson the continuous
� uid.6

The more computationallyconvenientEulerian method typically
assumes that both the carrier � uid and the particles comprise two
separate, but intermixed, continua. The equation for the mass dif-
fusion of the particle concentration typically employs a gradient
diffusion model yielding a time-averaged continuity equation that
requires a local model for the mean particle diffusion, i.e., an equa-
tion for D. Even the more complex large eddy simulation (LES)
approachyieldsa subgridscaleforwhich the subgridEulerianturbu-
lent diffusivity must be estimated. However, current Eulerian mod-
els for mean turbulent diffusion of particles do not accurately rep-
resent recent experimental measurements, e.g., cannot predict the
nonmonotonic behavior and/or even robustly predict the reduced
diffusion associated with large particles.7 One reason is that many
of these models do not formally include the particle equation of
motion and the crossing-trajectory effect. As a result, the models
are limited to dependence on Stokes number only where proper
treatment requires an additional dependence on an eddy Froude
number8 or a drift parameter.9 There are a few notable exceptions.
The analytical models of Reeks8 and Stock9 do yield a � nite non-
monotonic peak of particle diffusion above the scalar diffusion for
large particles, although this peak was noted only for eddy interac-
tion times much greater than the eddy timescale (inconsistent with
the aforementioned DRW interaction times). The model of Hunt
et al.10 yields nonmonotonic behavior for Stokes numbers of order
unity by employing two length scales, although it allows for only
an in� nitesimally small peak of particle diffusion above the scalar
diffusion.

The objective of this study is to develop an Eulerian model of
turbulent particle diffusion that reproducesthe � nite nonmonotonic
effects noted in recent free-shear-�ow experiments while employ-
ing interaction times and eddy characteristics consistent with the
Lagrangian DRW models. The difference is that the present model
employs a deterministic time-varying,single-eddy interaction.This
allows comparison of the particle and scalar trajectories to evalu-
ate a ratio between the mean diffusion rates. In doing so, we wish
to determine the effect of the critical nondimensional parameters
in describing the mean transverse particle diffusion. The resulting
analyticalEulerian expression is shown to allow for a � nite peak of
the diffusion ratio for local Stokes numbers of order unity at eddy
interaction times constant with the crossing-trajectoryeffect.

Analysis
One-Dimensional Eddy Description

We � rst assume that the particles do not signi� cantly modify
the average eddy size or strength, which is true for mass loadings
much less than unity, e.g., less than 5% for Stokes numbers of or-
der unity.1 11 For the � ow, we consider a two-dimensionalreference
frame for the shear layer (no spanwise variation) where the mean
� ow is in the x axis (streamwise) direction and, thus, transverse
diffusion will be de� ned in the y direction. The two-dimensional

velocity � eld is thus given by the component u in the streamwise
direction and in the transversedirection. Similar to the DRW La-
grangian stochasticmodels, the broad spectrum of turbulent eddies
is simpli� ed by local mean eddies that haveuniformstrength(based
on the turbulence intensity), size (based on an integral scale), life-
time (based on the strength and size), and convection speed (equal
to the mean streamwise convection velocity um ). As is the case for
the DRW models, this is based on ample experimental evidence
that the large-scalestructuresprimarily control turbulent dispersion
for heavy particles.2 12 As such, the current Eulerian model does
not incorporatean energy spectrum as is included by the models of
Reeks8 and Stock.9

For turbulent free shear layers, the mean transverse � uctuations
of the continuous � uid ( f rms ) are proportional to the difference in
velocity between the high-speedand low-speed streams (u1 u2

u) such that f rms is approximatelyc1 u, where is c1 is a constant.
The mean eddy size is approximated as an integral scale that is
a fraction of the overall shear layer thickness ( c2 ). Thus, the
eddy lifetime is

e c2 c1 u

Although Mei and Adrian,13 as well as Hunt et al.,10 note that one
must be careful when expressing the Lagrangian integral timescale
as a function of the integral scale and the rms of the velocity � uc-
tuations, this form is reasonable for the qualitative model we are
constructing.

The timescale of the � uid eddy interaction with the particle ( i )
must be described to determine the trajectory integration to obtain
net particlede� ection.The DRW model of Gosman and Ioannides14

takes this timescale to be the minimumof the eddy lifetimeand eddy
traversetime( transit , thetime for theparticleto cut throughtheeddy).
We choose a similar but more smoothly varying function:

1

i

1

e

1

transit

c1 u Vterm

c2

where we have assumed that the relative velocity of the particle
with respect to the eddy (Vrel) is approximately equal to the termi-
nal velocity of the particle in quiescent � ow (Vterm ). Employing a
crossing time based on the linearized equation of motion, as shown
by Graham and James,15 yields similar results. The precedingequa-
tion avoids the use of empirical constants to correct e and transit

to � t experimental data of particle diffusion. Also note that, if one
examines dispersion in a theoretical steady Stuart vortex � eld,16 17

the lifetime of the eddy is essentially assumed to be in� nite, i.e.,
i transit .

Now, we de� ne the one-dimensionaltemporal nature of the eddy
by noting that its velocity perturbationwill change during the inter-
action period such that the transverse � uid velocity f seen by the
particle is initially at zero, linearly increases until it peaks at i 2,
and then linearly descends at the same rate until 3 i 2, i.e.,

f 2 3 c1 ut i for t i 2
(1)

f 2 3 c1 u 1 t i for t i 2

The value is included to considerboth a transversevelocitypertur-
bation, which initiates in the y direction ( 1), and a transverse
velocity perturbation initiating in the y direction ( 1). The
factor 2 3 simply stems from specifying that f rms c1 u if in-
tegrated over any time period based on multiples of i 2. By basing
this velocity on the interaction time (instead of the eddy lifetime),
this velocity � uctuation is taken to be along the particle path (and
not on the � uid path). The result is a description that is continuous
in velocity but discontinuous(albeit � nite) in acceleration,which is
meant to qualitatively capture the temporal variations of the turbu-
lent velocity (which rise and fall over � nite time periods).

Particle Equation of Motion
For monodisperse inert particles of constant mass and of much

greater density than the surrounding � uid, the equation of motion
relates the Lagrangian particle acceleration (dVp dt ) to drag, lift,
and gravitational forces. The drag force D acts in the direction of
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the relative instantaneous velocity of the dispersed phase (Vrel

V f Vp ). We de� ne a small particle as having a drag coef� cient
proportional to the inverse of the particle Reynolds number, i.e.,
CD k1 Rep , where Rep is the particleReynolds number based on
diameter d , relative velocity Vrel, continuous phase viscosity f ,
and density f , yielding Rep f Vreld f . For a solid Stokesian
particle (with Rep of order unity), we note k1 24. For a particle
with a � uid interior, e.g., drops, and no surfactants,we � nd k1 16
(Ref. 18). We can then de� ne the drag force based on p:

D Dterm
V f Vp

Vterm
m p

V f Vp

p

where the particle response time can be written as p Vterm g
4 pgd2 3g f k1 for a spherical particle, where g is the accel-

eration due to gravity. Note that nonspherical particles can also be
modeled if the drag coef� cient is still inversely proportional to the
Reynolds number (reasonable for Rep 1 for a large range of
eccentricities19) and where the diameter is understood to mean the
equivalent volumetric diameter. The gravitational force (G m pg)
acts in the direction of gravity, which has streamwise and trans-
verse componentsgiven by g x and g y . The lift force (based on the
mean spanwisevorticity) is droppedherein for concisenessfrom the
rest of the analysis because its inclusion will not alter the resulting
mean turbulent diffusion rates.20 This is because the lift force is in-
dependent of such that, even though it will cause a net drift of the
mean particle trajectory, the modeled mean diffusion rate about this
mean drift trajectorywill not be affected.Forces associatedwith the
� uid stress gradient can be neglected because the particle density
is much greater than that of the surrounding � uid. In addition, the
Basset history forces and those due to Faxen terms are herein ne-
glected, which is reasonable for many, but not all, conditions.21 As
a result, our equation of motion then becomes

m p
dVp

dt
m p

V f Vp

p
m pg

To obtain the transverse de� ections for our deterministic one-
dimensional eddy, we must consider the y component of the mo-
mentum equation:

d p

dt
f p

p
g y

Recall that we are interested only in characterizing the mean trans-
verse diffusion of the particles and not the instantaneous eddy-
resolved spatial structures.As such we will ignore streamwise seg-
regation effects and approximate the streamwise particle velocity
as

u p Vterm x um

where the mean eddy convection speed is approximated simply as
um u1 u2 2.

Integration of Particle Motion
The transverse component of particle acceleration will be inte-

grated (from t 0 to 3
2 i ) to obtain transverse particle velocity and

will be integrated again to obtain transverse particle position. This
position compared with that for a scalar will allow the computa-
tion of the transverse particle diffusion ratio. We note that, for our
simple model, total integration to times that are even-integer mul-
tiples of i 2 yields a zero net diffusion for the scalar. Therefore,
we use the minimum odd-integer value that is capable of yielding
nonlinear behavior of the particle trajectory.20 This is reasonable
because our objective is to understand the qualitativephysics of the
particle–eddy interaction. A more quantitative simulation could be
obtained with longer integration times and a spectrum of eddy sizes
and velocity � uctuations, as was done by Reeks8 and Stock.9

The integration is conductedin two steps based on the composite
descriptionof transversevelocitygivenby Eq. (1). Consider the � rst
portion of our temporal duration (t i 2); for 1 we have

d p

dt
p

p
2 3c1

ut

i p
g y 2

To integrate,we assume that p has the following form (for both the
� rst and second parts of the temporal integration):

p f1e
f2t f3t f4

where f1, f2 , f3 , and f4 are constants. Substituting this form into
the derivative of Eq. (2), terms of equal dependence on times are
collected. The initial condition for p at t 0 (where f 0) is
obtained by assuming the particle is moving at terminal velocity
prior to interacting with the eddy, i.e.,

f p t 0 Vterm y f1 f4

Note that this initial condition can be modi� ed without loss of gen-
erality if the local relative particle velocity is not reasonably repre-
sented by the terminal velocity. Integrating from this intermediate
time to the � nal time with an accelerationof opposite sign [Eq. (1)]
for 1 yields the following velocity20:

p 3 i 2 h1 exp 3 i 2 p

3 3c1 u 2 3c1 u 1 p i p g y

where

h1 [ 4 3c1 u p i ] exp i 2 p

Vterm y pg y 2 3c1 u p i

Similarly, the net transverse displacement yp 3 i 2 is obtained by
using the initial condition yp t 0 0 and integrating the general
expression for particle velocity for both time durations of Eq. (1) to
yield a closed-form (albeit lengthy) expression.20 To reference the
transverse de� ection of the particle, the de� ection of a continuous
� uid marker (given by p 0) is subjected to the same velocity
perturbation,which yields a simple expression:

y f 3 i 2 3 4 0c1 u i

The ratio of particle de� ection to scalar de� ection for equal in-
teraction times (yp y f i ) can then be determined. However, the
de� ection ratio for equal streamwise positions (yp y f x f ) is more
consistent with measurements of particle diffusion. To correct for
this, it is assumed that the particle diffusion rate is approximately
constant such that the transverse diffusion is linearly proportional
to the mean streamwise convection for equal time, i.e.,

yp x f yp i x f xp i

where the streamwise positions can be evaluated based on the fol-
lowing:

x f

x p i

um

um Vterm x

Therefore, we have

yp

y f x f

yp y f i

1 Vterm x um

Particle Diffusion Ratio
The ratio of local particle to scalar spread rates in a turbulent free

shear layer can be used to give a physical interpretationof the mean
diffusion ratio between the particle concentrationand a scalar � eld
concentrationas follows:

D
1

2

dy2
p t

dt

1

2

dy2
s t

dt

b2
p

b2
s

where y2
p t is the mean square particle displacement, y2

s t is the
mean square scalar displacement, b2

p is the square of the local spa-
tial spread rate for the particles, and b2

s is the square of the local
spatial spread rate for the scalar.

To concisely present the modeled particle diffusion ratio, four
dimensionless parameters (S, , , and Fr ) are introduced. The
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� rst parameter is the ratio of the particleand eddy timescales( p e )
de� ned herein as the local Stokes number

S p

e

4

3

d2
pc1 u

k1 f c2

Note that S is equal to the conventional Stokes number2 under the
following constraints: c1 1, c2 1, and k1 24. The second pa-
rameter is a drift parameter,9 which is the ratio between particle
terminal velocity and � uid turbulence intensity:

Vterm

f rms

Vterm

c1 u

Note that two limits of the particle descriptioncan be de� ned based
on this parameter: a slow particle, which has a terminal velocity
smaller than thatof thecharacteristictransverseturbulentvelocityof
the surrounding� uid ( 1), and a fast particle,where the opposite
is true ( 1). The third parameter is the ratio between interaction
time and eddy timescale, i.e., i e . The fourth parameter is
the eddy Froude number,22 de� ned as Fr u2 4g , which is
independent of the particle characteristics.

The particlediffusioncan be related to the differencebetween the
two transverseparticlepositionsgivenby 1 ( f initiallypositive)
and 1 ( f initially negative) normalized by the streamwise
movement: (yp x f 1 yp x f 1 x f . This can be compared to
that for a � uid tracer to obtain the particle de� ection ratio

yp x f 1 yp x f 1 y f x f 1 y f x f 1

The portionof the de� ections due to drift from gravity and lift in the
transverse direction will not contribute to because of symmetry
(they are independentof and will cancel out). The particle de� ec-
tion ratio is assumed to equal the local ratio of particle spread rate
to a � uid tracer spread rate:

D

1 4S 8S2 2 8S2 2 e 2S 16S2 2 e S 2

1 c1 x u um
2

(3)

where we summarize:

S
4

3

d2
pc1 u

k1 f c2

1

1
(4)

S

Fr

c2

4c2
1

Fr
u2

4g

Note that the ratio S that appears in Eq. (3) is simply the ratio
of particle response time to the interaction time, i.e., p i . Equa-
tions (3) and (4) thus provide a closed-formexpression for the local
mean diffusion ratio of a small particle. The result indicates three
importantnondimensionalparameters: local Stokes number S, eddy
Froude number Fr , and drift parameter , of which two are inde-
pendent parameters, e.g., S and Fr .

Although previous Eulerian models (as described earlier) typi-
cally include dependenceon only one of these parameters, the pre-
ceding conclusion regarding two independent controlling parame-
ters is consistentwith previousanalytical studies that can be related
to the understandingof D. For example,the independentparameters
S and would be consistent with two of the parameters identi� ed
in the analytical studies of Stock,9 as well as Mei and Adrian,13 for
the determinationof particle dispersion in a high Reynolds number
turbulent spectrum. Similarly, Hunt et al.10 use heuristic arguments
to suggest these same two independent parameters. Ga ñán-Calvo
and Lasheras16 also noted that the parameters S and S are critical
to particletrappingin Stuart vortices.Finally, the analyticalstudyby
Reeks8 investigatedthe diffusionas a functionof parameterssimilar
to S and Fr .

Results
Parametric In� uence

For the predictions, only two of the three fundamental diffusion
parameters (S, Fr , and ) can be consideredindependent.We have
chosen herein to consider variations based on S because it has the
strongest in� uence and on Fr because it is independent of particle
properties. To predict the diffusion in a free shear layer, we also
need to approximate c1 and c2 . This is accomplished by employ-
ing experimental data for incompressible constant-density planar
turbulent free shear layers (for which there are quantitative experi-
mental data). We may estimate c1 by assumingthat theaveragevalue
across the shear layer is equal to one-half the measured peak value
of f rms u. Based on resultsgiven by Wygnanskiand Fiedler,23 c1

is approximately0.07.For c2, we can estimate the integral scale as a
fractionof the shear layer thicknessbasedon velocity . Basedon re-
sults discussedby Oakley et al.,24 c2 is approximately0.33. We will,
therefore, use these values and k1 24 for all of the predictions.

Figure 1 shows plots of nondimensionalparticle and � uid tracer
transverse de� ections (y i u) as a function of time for the pro-
posed one-dimensionaleddy for Fr 100. For in� nitely small par-
ticles (S 0), there is no differencebetween the particle trajectory
and that of the � uid tracer, i.e., the particle reacts instantly to the
transverse velocity � uctuations. For S 0 1, we � nd that the par-
ticles lag behind the � uid transverse � uctuations and thus tend to
overshootthe � uid motion at t 3

2 i . This is consistentwith the ex-
perimentally observed nonmonotonic behavior, where particles are
dispersedoutward but then cannot respondquickly enoughto return
with a subsequentopposingvelocityperturbation.For S 1, the net
de� ectionfor both is about the same (althoughthe strongdifferences
in the time evolution of the trajectories suggest that this condition
would yield signi� cant variations in the spatially resolved parti-
cle concentration as compared to that of the scalar concentration,
i.e., they may have similar mean diffusion but different dispersion
structures). For S 10, the particle can respond only weakly to the
transverse � uctuations due to its increased inertia, and the result is
a tendency for the particle to remain near the x axis.

Figure 2 shows thechange in D as S and Fr vary.For � xed condi-
tions of the continuousphase (Fr const): D 1 as S 0 (particle
diffusion is identical to scalar diffusion); D 1 as S 1 (particle
diffusion is greater than scalar diffusion); and D 0 as S
(no particle diffusion). These results are consistent with those seen
experimentally, e.g. Refs. 2 and 25–27 (note that the diffusion re-
sults for Ref. 27 were obtained in Ref. 20). The resulting in� uence
of Fr yields the family of curves relating local Stokes number ef-
fects on diffusion, as noted in Fig. 2. We note an increase in the S
corresponding to the peak location of D as Fr increases; this is a
result of the particle–eddy interactionbeing more controlled by the
eddy lifetime than the eddy transit time. In general, diffusivity for
larger particles increaseswith increasingeddy Froude number for a
� xed Stokes number.This is consistentwith the analytical results of
Stock,9 which showed that, for constant Stokes number, as the drift
parameter decreases [consistent with eddy Froude number increas-
ing as per Eq. (4)] the diffusivity increases and is attributed to the
crossing-trajectoryeffect, a result that has also been con� rmed in
experimental studies. Note also the large differences that can occur
at a � xed S value for the predicted D as Fr changes, especially
at low values of Fr . Consequently, the eddy Froude number is an
important diffusion parameter for fast particles (Vterm f rms) but
not for slow particles (Vterm f rms ).

Experimental Comparisons
To investigate the ability to qualitatively represent particle dif-

fusion for turbulent free shear layers, the model is evaluated with
the experimental data. Unfortunately, mean diffusion ratios in free
shear � ows are notoriously hard to quantify. Considerable uncer-
tainty and/or bias was found for many of the data sets cited in the
literature that speci� cally reported D greater than unity, rendering
their relationship between diffusion ratio and local Stokes number
values to be primarily qualitative.7 The data set of Hishida et al.25

was chosen because it was deemed to contain highest-qualitymea-
sured values of the diffusion ratio while still reporting diffusion
ratios greater than unity. However, even the data of Hishida et al.
have signi� cant uncertainty, e.g., it is estimated that the values of
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a) S = 0

b) S = 0.1

c) S = 1

d) S = 10
Fig. 1 Particle trajectories ( ) in time as compared to � uid tracer
trajectories (——) for Fr = 100.

Fig. 2 Particle diffusion ratio vs local Stokes number at various eddy
Froude numbers.

Fig. 3 Experimental diffusion ratios of Hishida et al.25 as compared
to model predictions based on estimated local Stokes number and eddy
Froude number.

both S and D may be off by as much as a factor of two based on
their reportedmethodologyand the present de� nitions. For estimat-
ing S from Hishida et al., was based on their streamwise width of
the coherent structure, which was calculatedbased on the peak fre-
quency of their spectrum and the convection speed. Three different
particle sizes and four different streamwise locationsyielded a total
of 12 different S values. The corresponding diffusion ratio D was
calculated by dividing the ratio of particle diffusion to momentum
diffusion by an estimate of 0.7 for the turbulent Schmidt number
(ratio of momentum to diffusion and scalar diffusion).

Figure 3 shows the experimental data and the curves of the pro-
posed model at the respective experimental Froude numbers. Both
show the same type of nonmonotonic D trend noted in previous
studies.1 Although the experiments show a signi� cantly narrower
regionof S values that yield D 1, thepredictionsrevealqualitative
agreement with respect to the in� uence of both S and Fr , i.e., in-
creasing the eddy Froude number tends to increase the diffusion for
equivalent local Stokes numbers.Thus, the presentmodel is reason-
ably descriptiveof the qualitativeparticle–eddy interactionsdespite
its simplicityand nonempiricism.However, given the small rangeof
eddy Froude number and the experimental uncertainty for this data
set, this trend is not conclusively con� rmed. Note that the purpose
was not to predict a speci� c experimental data set (employing em-
pirical coef� cients of order unity would have been used if that had
been the case) but to determinewhether a qualitativeEulerian mean
diffusion model could be constructed using concepts developed in
the Lagrangian diffusion approaches.

The practical importance of this model may lie in its eventual
use in Eulerian RANS computationsof mean particle concentration
� elds, although more work is certainly needed to make the model
quantitative.A more accuratemodel of the turbulentdiffusioncould
be obtained by incorporating a variety of initial conditions, longer
integration times, and perhapsmost importantly a spectrum of both
eddy sizes and velocity perturbationstrengths. In addition, compar-
ison with other high-accuracydiffusion data at different test condi-
tions would be bene� cial.
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Conclusions
A closed-form analytic expression for the local mean diffusion

of a particle (or droplet) was developed for a turbulent free shear
layer when the drag coef� cient is inversely proportional to particle
Reynolds number. The model assumes a one-dimensionaleddy that
includes � nite � uid acceleration and is based on a local length and
timescales of the turbulence.The resulting diffusion indicates three
important nondimensionalparameters: a local Stokes number S (ra-
tio of particle responsetime to local eddy lifetime), the eddy Froude
number Fr (ratio of rotational accelerationto gravitationalacceler-
ation), and the drift parameter (ratio of particle terminal velocity
to local turbulent rms � uctuations); of these three parameters, two
are independent. The model predicts the correct qualitative trends
observed in experimental particle diffusion ratios of planar turbu-
lent free shear layers, i.e., a peak particle diffusion ratio occurring
at near unity local Stokes number followed by monotonic reduction
in the diffusion as the Stokes number is increased.The shift in this
peak with eddy Froude number found in the model was not conclu-
sively veri� ed with the experiments.Additional work is required to
encompass the model in a RANS-type framework for general free
shear � ows and for comparison with high-accuracy experimental
data.
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Dynamics of Buoyant and Heavy Particles in a Periodic Stuart Vortex Flow,”
Journal of Fluid Mechanics, Vol. 254, 1993, pp. 671–699.

18Sherman, F. S.,Viscous Flow, McGraw–Hill, New York, 1990.
19Clift, R., Grace, J. R., and Weber, M. E., Bubbles, Drops and Particles,

Academic, New York, 1978, p. 79.
20Loth, E., and Deangelis, B., “Model of Two-Phase Turbulent Disper-

sion in a Planar Free Shear Layer,” Dept. of Aeronautical and Astronautical
Engineering, UILU Rept. ENG 96-505, AAE Rept. 96-05, Univ. of Illinois,
Urbana, IL, 1996.

21Maxey, M. R., and Riley, J. J., “Equation of Motion for a Small Rigid
Sphere in a Non-UniformFlow,”Physics of Fluids, Vol. 26, No. 4, 1983, pp.
883–889.

22Taeibi-Rahni, M., Loth, E., and Tryggvason, G., “Flow Modulation of
a Planar Free Shear Layer with Large Bubbles—Direct Numerical Simula-
tions,” International Journal of Multiphase Flow, Vol. 20, No. 6, 1994, pp.
1109–1128.

23Wygnanski,I., and Fiedler,H., “TheTwo-DimensionalMixingRegion,”
Journal of Fluid Mechanics, Vol. 41, Pt. 2, 1970, pp. 327–361.

24Oakley, T. R., Loth, E., and Adrian, R. J., “Cinematic Particle Image
Velocimetry of High-Reynolds-NumberTurbulent Free Shear Layer,”AIAA
Journal, Vol. 34, No. 2, 1996, pp. 299–308.

25Hishida, K., Ando, A., and Maeda, M., “Experiments on Particle Dis-
persion in a Turbulent Mixing Layer,” International Journal of Multiphase
Flow, Vol. 18, No. 2, 1992, pp. 181–194.

26Hetsroni, G., “Particles-Turbulence Interaction,” International Journal
of Multiphase Flow, Vol. 15, No. 5, 1989, pp. 735–746.

27Lazaro, B. J., and Lasheras, J. C., “Particle Dispersion in the Developing
Free Shear Layer. Part 1. Unforced Flow,”Journal of Fluid Mechanics, Vol.
235, 1992, pp. 143–178.

W. Oberkampf
Associate Editor


